The leading-edge vortex (LEV) is a universal and robust lift enhancement mechanism in biological flapping and autorotating flight. It is characterized by comparatively low Reynolds number and large angle of attack leading to separated three-dimensional flow, which has long precluded analytical approach to this problem. Here we propose a reducedorder analytical model, which is capable of delivering a fast closed-form estimate of the LEV strength and position for a revolving wing at arbitrary angle of attack. It is postulated that equilibrium state of the vortex is primarily maintained by the competing effects of vorticity production at the leading edge and its three-dimensional transport in the presence of spanwise flow and downwash. The results of the model are found consistent with the LEV strength and centroid coordinates measured previously in experiments, as well as determined from numerical solution of the Navier-Stokes equations, in a wide range of the Reynolds number. The agreement is good not only for rectangular wings, but also for bio-inspired shapes of fruit fly, bumblebee, and hawkmoth. Hence, the model offers a simple, versatile, and reliable tool for practical estimation of the LEV parameters.
LEV properties. Even though discovered almost four decades ago [3] , persistent attachment of the LEV has remained a controversial subject, stimulating a growing number of physical and biological experiments, as well as numerical simulations. Literature is abundant on this topic; therefore, we refer to a dedicated review paper [4] . The growing amount of experimental and computational work during the past decade (e.g., Refs. [5] [6] [7] [8] [9] [10] [11] ) opens new perspectives for reduced order modeling of the LEV of a rotating wing at large angle of attack. The latter approach has been so far less popular. We are aware of only a few prior studies that may fall in this category. Specifically, a simple formula for the axial velocity has been obtained in Ref. [12] , and a more sophisticated model that involves numerical solution of an ODE for the LEV trajectory has been derived in Ref. [13] .
We propose an analytical model of the LEV. It is based on the physical principles of fluid dynamics (as opposed to data-driven modeling), and it has only one free parameter (i.e., a parameter which is not constrained by the model) that is estimated using Navier-Stokes simulations. By simplifying the problem, we identify the minimum set of important hydrodynamic mechanisms and derive scaling laws. In addition to these important physical insights, the model provides approximate practical estimates of the LEV properties of a rotary wing at an arbitrarily large angle of attack. Our approach is complimentary to the existing high-precision quasisteady models based on the aerodynamic coefficients measured in experiments or numerical simulations (e.g., Ref. [14] ).
It has been noticed that flapping and unilaterally rotating wings produce topologically similar LEVs. A significant number of recent studies converge to a flat rectangular plate as an archetype wing [4] . It rotates about one of its ends at a constant angle of attack, as shown in Fig. 1(a) . The main geometrical and kinematic parameters are the wing tip radius R, the chord length c, the angle of attack α, and the angular velocity . At startup, different experiments may have different time evolution of angular velocity, but we focus in our subsequent analysis on the steady state with constant , which is nominally reached during the first revolution. In addition, there may be an offset between the axis of rotation and the wing root. We consider only those cases when it is sufficiently small to be neglected (less than 0.5c). Incompressible ambient fluid is characterized by constant kinematic viscosity ν.
A special case of this problem at α = 90
• was scrutinized previously [15] . Vorticity production due to flow separation and its three-dimensional transport including spanwise outboard-directed drainage were found sufficient to describe the LEV equilibrium state in that case. The BrownMichael vortex model [16, 17] was adapted to derive closed-form expressions for the edge vortex circulation and the position of its centroid. In Sec. II we derive similar formulas for a wing at any angle of attack α. They are valid for any aspect ratio R/c provided that the wing supports a persistent LEV. In Secs. III A and III B we test the accuracy of these formulas in a wide range of the Reynolds number Re = Rc/ν between 50 and 5350, by comparing with the data from our numerical simulations and from a laboratory experiment [7] . We then examine the model to gain further insight in the effects of spanwise flow drainage and induced downwash by varying the respective parameters in Secs. III C and III D, respectively. In Sec. III E the same expressions provide a reasonably accurate estimate to the LEV properties even when the wing shape is not rectangular, thus showing potential to become a versatile tool for quantifying the LEV prior to thorough measurement. Section IV contains concluding remarks.
II. MATHEMATICAL FORMULATION OF THE MODEL
The LEV is substituted with a steady line vortex; see Fig. 1(b) . We follow the path of a selected Lagrangian element of the line vortex as its distance from the axis of rotation r (τ ) increases in time τ due to the spanwise advection with velocity V r = dr/dτ . We define the spanwise vorticity transport coefficient K sp = V r /( r ) that can be assumed independent of r [12, 15] . The solution of dr/dτ = K sp r, up to a constant of integration r 0 , is r = r 0 exp K sp τ .
(1)
Flow visualization of a rectangular flat-plate wing that rotates about its root with constant angular velocity . R is the distance from the axis of rotation to the tip edge; c is the chord length. The angle of attack α is defined as π/2 minus the angle between the rotation axis and the root edge. Vortices in the surrounding fluid are visualized using an isosurface of the λ 2 criterion, colored according of the sign of spanwise vorticity component. The red cone structure above the upper surface of the wing is the leading-edge vortex (LEV). (b) Line-vortex approximation of the LEV. A Lagrangian vortex element that originates from the leading edge of the root section is transported towards the wing tip with the spanwise velocity V r . Simultaneously, it is swept away from the leading edge moving through the surrounding fluid with local velocity r. Circulation 1 of the vortex increases with r by the amount of vorticity produced at the leading edge. Spanwise variation of the LEV circulation, including its termination at the wing tip, is accompanied by chordwise vorticity, which induces downwash w i . Subscripts "I," "II," and "III" denote the velocities sampled on three different cylindrical planes of radius r I , r II , and r III , respectively. (c) Two-dimensional approximation is used to describe the flow on a cylindrical plane. Spanwise evolution of the vortex is substituted with time evolution on a cylinder plane of radius that varies with time τ [Eq.
(1)]. Inflow velocity V is calculated as vector sum of r and w i . Circulation 1 and position z 1 = x 1 + iy 1 of the vortex on a complex plane are calculated using conformal mapping between a slit plane and a half-plane. Polar coordinates ρ 1 and θ 1 are used for describing the position of the vortex and its mirror image on the preimage plane ζ , using the coordinate transform ζ = ρ exp[i(π/2 − θ )]. (d) Spanwise profiles of the normalized LEV circulation (14) of a wing with aspect ratio R/c = 4 at Reynolds number Re = Rc/ν = 500, evaluated at five different angles of attack α. (e) Normalized perpendicular, x 1 , and parallel, y 1 , coordinates of the vortex centroid with respect to the leading edge; see (13) .
We therefore reduce the steady three-dimensional vortex to an unsteady two-dimensional BrownMichael vortex on a complex plane [ Fig. 1(c) ], and the problem is solved using conformal mapping z = −iζ 2 /c. The solution closely follows the procedure described in Ref. [15] for the special case α = 90
• , with the difference that it now accounts for a nonzero velocity component parallel to the wing. The inflow complex velocity is defined as V = V x + iV y , where V x = V sin β and V y = −V cos β. Its magnitude is equal to V = r √ 1 + κ 2 , where κ = w i / r. Its phase angle contains a correction for the induced angle of attack such that β = α − arctan κ. The flow in the vicinity of the leading edge and the point vortex is described by the complex potential
The Brown-Michael equation of vortex motion in the physical plane is written as
where on the right-hand sideũ is the desingularized velocity. Its complex conjugate is mapped onto the preimage plane,ṽ * =ũ * (dz/dζ ), and related to the complex potential W ,
The position of the point vortex on the preimage plane ζ 1 is thus described by the equation
with the initial condition ζ 1 (0) = 0. It is convenient to solve this problem in polar coordinates such that ζ = ρ exp[i(π/2 − θ )]; see Fig. 1(c) . The Kutta condition, satisfied if ∂W/∂ζ = 0 at ζ = 0, relates the circulation with the position of the vortex as
Let us define variables
The latter integral can be evaluated using (1) asτ = 0.5 r 2 (1 + κ 2 ) sin 2 β/K sp , assuming constant downwash factor κ. From (5), for β > 0, we derive a system of equations in real variables,
We combine the two equations to eliminate the terms that contain ρ 1 and derive an equation for ϒ , d(ϒ )/dτ = 1/8, which is readily integrated using the initial condition ϒ(0) = 0, as long as the vortex does not coincide with the boundary at any τ > 0. We obtain
making use of the definition of ϒ, and substitute these results in the second equation (7) to eliminate ϒ and ρ 1 from the equation. This leads to an equation for only,
and, using the definition = sin θ 1 , to
An approximate solution that satisfies the initial condition θ 1 (0) = π/4 and has the correct asymptotic decay asτ → ∞ can be written as
and the parameter B controls the accuracy of approximation at intermediateτ . B = −0.7 is sufficient to ensure the accuracy of (11) we use the second equation (8) to evaluate ρ 1 , calculate the point vortex position in the preimage plane,
, and use the conformal mapping to determine the position in the physical plane,
The circulation evaluates from (6) as
The vorticity transport coefficient K sp was introduced in Ref. [15] as a parameter that measures the efficiency of spanwise vorticity drainage, and it was related to the rate at which the spanwise flow of the fluid trapped in the recirculation bubble evacuated the LEV vorticity. Since the width of the bubble scales with the effective angle of attack β as c sin β, it is plausible to assume that
where Re 1 = c 2 /ν, and K 90 is an empirical fit for K sp at β = 90
• . The effect of K sp will be further discussed in Sec. III C.
The downwash factor κ can be roughly estimated as the velocity induced by a vortex ring divided by the characteristic velocity R. Using the Biot-Savart law to calculate the velocity at the center of the vortex ring of radius R, we find κ = tip /(2 R 2 ), where tip is the tip vortex circulation that can be obtained by evaluating (14) at r = R, because the wing-tip vortex that forms the ring actually originates from the wing tip; see Fig. 1(b) . This approach results in a non-linear algebraic equation for κ that can be approximately solved using fixed-point iteration. It converges rapidly; therefore, in practice we perform only one iteration. First, tip is estimated using (14) with κ = 0. It yields a closer approximation for κ,
The effect of κ will be further discussed in Sec. III D. We conclude this section by emphasizing that formulas (11)- (17) combined constitute closed-form expressions for z 1 and 1 .
III. DISCUSSION

A. The angle of attack and the Reynolds number effects
Sample plots of normalized 1 , x 1 = z 1 , and y 1 = z 1 as functions of r/c and α are displayed in Figs. 1(d) and 1(e). The shape of the profiles 1 (r ) is mainly determined by the factor r 4/3 in (14), but the power-law growth is distorted by variation of θ 1 with r. 1 
increases between α = 15
• and 60
• but varies remarkably less between 60
• and 90
• . The shape of x 1 (r ) and y 1 (r ) resembles r 2/3 . The perpendicular component x 1 (r ) increases with α, i.e., the LEV moves further away from the wing surface when the angle of attack increases. In contrast, the parallel component y 1 (r ) decreases in magnitude as α increases. The limiting result at α = 90
• should be interpreted with caution because the downwash model (17) does not account for the trailing edge vortex, which is, in that particular case, equally strong as the LEV.
Computational fluid dynamics (CFD) is employed in this study to assess the accuracy of the above theoretical estimates. The incompressible Navier-Stokes equations are solved using a commercial finite-volume-based code ANSYS CFX (version 14.5). The CFD model for simulation is similar to our previous work [15] ; however, in the present study we use a shorter rectangular-plate wing that has length 4c that is inclined to the vertical axis as shown in Fig. 1(a) . The pivot point is 114703-5 • . Continuous lines correspond to the theoretical estimates (14) for 1 and (13) for z 1 , evaluated at spanwise stations r = 0.5c, c, and 2c, which correspond to 12.5%, 25%, and 50% of the wing length (R = 4c), respectively. Discontinuous lines show the normalized circulation obtained from the CFD simulations. Dotted, dash-dot, and dashed lines correspond to, respectively, φ = 84
• , 180
• , and 270 located at the center of root chord, i.e., the offset between the axis of rotation and the wing root is equal to zero. The wing is immersed in a spherical inner domain, and both rotate around the vertical axis with angular velocity (t ) = 1 2 std [1 − cos(πt/t ac )] during the startup period t < t ac and with constant angular velocity std later. The acceleration time is equal to t ac = 0.054 × 2π/ std . Numerical validation of the CFD method can be found in part 1 of the Supplemental Material [18] .
Figures 2(a) and 2(b) present a comparison between the CFD results and the corresponding theoretical estimates in a form that helps to focus on the effect of angle of attack α. In Fig. 2(a) lines show (α) for three selected spanwise locations r = 0.5c, c, and 2c, all belonging to the proximal part of the wing that supports an equilibrium-state LEV. The CFD and the theory both show the same trend of increasing with α until saturation at large α. It is followed by a slight decrease between α = 75
• , although this effect is marginal in the theory. Figure 2(b) shows that the LEV core moves farther away from the wing surface (x increases) as α increases. At the same time, the projected position of the LEV on the wing surface moves closer to the leading edge (|y| decreases). Variation of with Re, illustrated in Fig. 2(c) , is comparatively weak. The theory slightly overestimates at low Re but underestimates it at large Re.
B. Comparison with a laboratory experiment
Some recent laboratory experiments using flapping or rotary rectangular flat-plate wings have focused on quantifying the LEV size and strength [6, 7, 10] . When referring to such measurements,
Comparison between the theory (black lines), PIV measurements [7] (red markers), and CFD results (blue markers) at the rotation angle φ = 108
• . (a) Dimensionless LEV circulation and (b) LEV centroid position relative to the leading edge, viewed from above in the direction of the axis of rotation. Normalization is as in Ref. [7] , where b is the wing length from the root to the tip, r root is the distance from the axis of rotation to the wing root, and U tip = (r root + b). The domain of integration for calculating is shown in the inset. it is important to bear in mind the specifics of the vortex identification methods that may partly account for the variability across different results. In particular, there is no unique definition of the LEV circulation . We prefer the one based on averaging [over a cylindrical surface schematically shown in the inset of Fig. 2(a) ] of the radial vorticity component in cylindrical coordinates for its better compatibility with the Brown-Michael model. This is the method used in the previous section. A more popular method is to integrate the positive spanwise vorticity in a small flat rectangular window, which is more straightforward when using particle image velocimetry (PIV). For instance, it has been applied earlier [7] to evaluate the "total" circulation and LEV center trajectories for wings of aspect ratio 2 and 4 from stereoscopic digital PIV measurement. The wings were tested at Re = 5350 and Re = 2600, respectively. The angle of attack was equal to α = 45
• for both. The results of those experiments are compared in Fig. 3 with their respective theoretical estimates, using the same normalization as in Ref. [7] . Note that the aspect ratio is defined in this case as b/c, where b is the wing length from the root to the tip. The wing root is offset from the axis of rotation by a distance of r root = 0.14c for b/c = 2 and r root = 0.18c for b/c = 4.
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For the circulation [ Fig. 3(a) ], the agreement is good in the middle part of the wing from (r − r root )/b = 0.2 to 0.8, where the LEV may burst but remains fully contained within the window. The nonzero at the wing root in the experiment is caused by the offset between wing root and rotation axis in the setup. This effects is stronger in the b/c = 2 case probably because r root /b is larger, which means that the near-root region extends over a larger portion of the wing span. For the vortex centroid [ Fig. 3(b) ], the agreement is remarkably good until the midspan but rapidly degrades when approaching the wing tip. This is explained by the differences in the LEV centroid identification method: the experiment [7] considered only the primary core from the separated LEVs, but the theory points to a weighted average position between the primary and the secondary cores since both contribute to the Kutta condition and to the LEV circulation. It is therefore not surprising that the agreement near the wing tip for the vortex centroid position is less good than for the circulation. As the aspect ratio changes from 2 to 4, the experiment and the theory both show the same trend of decreasing dimensionless circulation and increasing distance from the leading edge to the vortex core.
In addition, we have implemented CFD simulations that accurately reproduce the conditions of the experiments, including the root offset r root . The normalized CFD circulation shown in Fig. 3(a) has been calculated from the velocity field using the same method as in the experiment, i.e., by numerical integration over a rectangle that extends over a distance of 1c above the plate for b/c = 2 and 1.5c above the plate for b/c = 4, for ease of direct comparison. The CFD points fall slightly above the experiment data between (r − r root )/b = 0.3 to 0.7 and practically overlap with the experiment data otherwise. The difference with respect to the theory is of the same order of magnitude for the CFD as for the experiment, and it represents the combined effect of all physical phenomena not taken into consideration by the theory.
The CFD and the experiment both show the same saturation of in Fig. 3(a) near the wing tip [from (r − r root )/b = 0.7 to 1], where the LEV detaches and escapes from the rectangular window. However, there is a large discrepancy between the respective LEV trajectories over the distal part of the wing [(r − r root )/b > 0.5]; see Fig. 3(b) . The latter effect can be explained by the differences in the vortex identification procedure; see part 2 of the Supplemental Material [18] for more discussion on this topic.
An important corollary of (13) and (14) is that, once the LEV parameters are normalized using 1/ as the timescale and c as the length scale, the LEV circulation varies nominally as r 4/3 , and the LEV centroid position varies as r 2/3 . This normalization makes the results corresponding to b/c = 4 and 2 virtually collapse on the same line, as shown in Figs. 3(c) and 3(d) . There only remains a minor difference due to the influence of K sp and κ that take different values in these two cases. Neglecting these subtle effects, we obtain a short formula
that provides a remarkably simple and accurate estimate to the LEV circulation for α = 45 • and 0.5c < r < R − 0.5c. The discrepancies near the wing root and near the wing tip are due to the limitations of the theoretical model and differences in the vortex identification methods.
C. The effect of spanwise vorticity transport
The coefficient of spanwise vorticity transport K sp determines the rate of vorticity evacuation in the spanwise direction relative to the local incoming flow velocity. It depends on the Reynolds number Re = Rc/ν and the effective angle of attack β, the latter being related to the width of the recirculation bubble inside which the vorticity transport takes place. Therefore, an approximate relation K sp (Re, β) = K 90 (Re) sin β holds, where K 90 is the vorticity transport coefficient of a revolving flat plate oriented perpendicular to the incoming flow that has been introduced in Ref. [15] and described as a function of the root-based Reynolds number Re 1 = Re × (c/R) = c 2 /ν in the range between 8 and 83. show the values of K 90 that best fit the theoretical estimate to the CFD data of a wing with R/c = 6,
In the present study, we are interested in a wider range of the Reynolds number. We have therefore added points that best fit the CFD data of a wing with R/c = 4. In the interval of Re 1 below 100 (Re < 400), these points follow the already known square-root trend. However, when the Reynolds number becomes larger, we find that K 90 saturates at the level of about 0.8. Since K 90 is an integral quantity related to the momentum transport in a flow with fixed separation points, such Reynolds number invariance is not surprising and is expected to hold true for all larger Re. We therefore fit the low-and the high-Re regions separately and obtain the empirical relation (16) that we use further. Let us proceed with a more practical case of α = 45
• . The aspect ratio is set to R/c = 10 in order to mitigate the wing-tip effect and ensure the results be relevant to any sufficiently long wing. We focus on the effect of the spanwise vorticity transport coefficient K sp ≈ 0.55K 90 in this case (if α and R/c are fixed, sin β is approximately constant because the Reynolds number effect on β is small). Smaller K sp implies less efficient spanwise transport and, as a consequence, faster approach of the LEV core to the trailing edge. Figure 5 (a) shows a view perpendicular to the wing and three sample LEV centroid tracks. The yellow line corresponds to the largest possible K 90 = 0.8, according to (16) . Equivalently, it corresponds to Re 1 = 105 or greater. It intersects the line y/c = 0.5 at r crit /c ≈ 6. As Re 1 and K 90 decrease, the intersection point r crit shifts towards the wing root. A parameter sweep in K 90 reveals linear dependence of r crit on this quantity; see Fig. 5(b) . However, the realizable values of r crit are in the interval from 0 to 6c. This quantity is important for its relevance to the LEV stability. Interaction with the trailing edge being one of the factors that limits the LEV growth and provokes its detachment [19] , y/c = 0.5 can be taken as the rearmost position of the center of a steady LEV. It follows that no wing can support an attached LEV beyond r/c = 6, or, which is equivalent, the wing should be shorter than R/c = 6 to fully benefit from an attached LEV. In addition, we observe a trend for the maximum span of the attached LEV to shrink when Re 1 is decreased.
It is worth noting that the effect of rotational accelerations such as the centripetal acceleration and the spanwise component of the Coriolis acceleration are implicitly included in K sp . Hence, parameter sweep in K 90 is equivalent to numerical manipulation of these rotational acceleration components, while (16) fixes the value K 90 that corresponds to the experimentally realizable flow at a given Re 1 . Also note that our estimate of r crit /c = 6 is larger than the value of 4 determined from PIV flow visualization [20] . The model is asymptotically accurate when the LEV is near the leading 114703-9 edge and far from the trailing edge. Near the detachment point, the influence of the trailing edge and variation in the spanwise velocity should be taken into account for a more accurate description of the LEV track and improved prediction of r crit .
D. The effect of downwash
The downwash formula (17) has been derived by approximating the wake with a vortex ring. This wake model is arguably the simplest and at the same time reasonable while the first revolution is taking its course. When the second revolution begins, the wing encounters its own wing tip and starting vortices generated in the beginning of the motion, which implies that a more complex wake model may become necessary. A spiral vortex model is likely to be suitable for the fully developed wake. However, to avoid entering technicalities in this section, let us adhere to the same functional relation (17) as obtained earlier, and illustrate the effect of downwash by comparing between three hypothetic situations: zero (κ = 0), moderate [κ as given by (17)], and strong downwash [κ twice as large as in (17)]. Note that, by this definition, the moderate downwash corresponds to the first revolution of the wing, but the strong downwash has no intended interpretation in terms of flight condition: it is stronger than the induced velocity in continuous rotation, and it may be equivalent to axial climb with some suitable velocity.
In all cases, starts from zero at α = 0 and rapidly increases with α when it is small, as illustrated in Fig. 6(a) for Re = 500, R/c = 4, r/c = 2. The fastest growth corresponds to the downwash intensity κ = 0, in which case the maximum circulation is attained at α = 60
• , followed by a moderate decrease of (α). An interesting special case is α = 90
• , such that θ 1 = π/4 and the formulas (13)- (14) reduce to their simpler analogues derived in Ref. [15] . However, when α is slightly less that 90
• , drops by a small amount. This effect can be attributed to the truncation error in (11) . The vortex centroid position is the most sensitive to α when κ = 0; see Fig. 6(b) . In particular, the chordwise position y varies from a finite negative value at α = 0 to zero at α = 90
• , with some slight overshoot due to the approximation error mentioned earlier.
When downwash is activated, decreases with κ if α < 60 • , and increases otherwise. The peak shifts to larger α and eventually disappears. The chordwise position y of the vortex becomes practically independent of α when the downwash becomes strong. On the other hand, the position of the vortex x perpendicular to the wing is not so sensitive to the downwash intensity. • .
E. Bio-inspired wing shapes
Equations (13) and (14) can be used not only for rectangular wings, but also for any wing shape as long as the local chord is wider than the LEV. It was shown [21] that fruit fly, bumblebee, and hawkmoth wing shapes generated nominally the same shape of LEVs. The LEV cone angle mainly depends on Re and α. In Fig. 7 , panels (a), (b), and (c) correspond to fruit fly, bumblebee, and hawkmoth, respectively. The solid lines with markers show the circulation calculated using available CFD data [21] . Dashed lines show the respective theoretical estimates, which are remarkably close: the r.m.s. difference in with respect to the CFD is no greater than 1.9 c 2 . Note that (14) yields almost identical estimates for the bumblebee and the hawkmoth, with slight discrepancy due to different values of R/c in (17) . Both theoretical lines visually coincide with the simplified power-law curve (18) . This illustrates the virtue of normalizing using c 2 and r using c, as follows from our analysis. Even though the theory does not account for local features related with variation in c(r ), the net growth of with r described by (14) is ubiquitous.
For the fruit fly, the theoretical grows significantly faster with r because of weaker spanwise vorticity drainage at low Re. This trend may be not immediately visible from the CFD data, but it is apparent from linear regression slope: 3.6 for the hawkmoth, 4.6 for the bumblebee, and 5.8 for the fruit fly.
IV. CONCLUSIONS AND PERSPECTIVES
Surprising or not, a simple analytical model based only on the vorticity production at the edge and its three-dimensional transport successfully describes the LEV in a wide region of the parameter space. This finding extends on similar results for a rectangular plate perpendicular to the flow [15] . A corollary is that other physical effects such as vortex splitting, breakdown, or secondary vorticity generation at the wing due to the presence of the LEV act to redistribute the vorticity without any significant change of its zeroth and first moments. If the LEV has multiple cores, the line vortex substitutes for all of them combined, i.e., the mentioned effects are taken into account implicitly, and this is sufficient for predicting the circulation. Specialized explicit models may become a necessity when one needs to know how the vorticity is distributed within the LEV.
It should be mentioned that the idea of the vorticity "being created and separated at the leading edge to eventually form a quasi-steady separation bubble ...within which the flow is three-dimensional with a strong flow component along the axis of the vortex that removes vorticity from the neighborhood of the wing" can be traced back to the pioneering work by Maxworthy [3] . Our model is a mathematical formulation of it.
Another important insight gained from the modeling is the use of the dimensionless quantities / c 2 , x/c, y/c, and r/c. They primarily depend on α and Re 1 = c 2 /ν, all other factors being less influential. Moreover, Re 1 enters in the equations only through the vorticity transport coefficient K sp and only when Re 1 < 105. In other words, the LEV properties are independent of the Reynolds number as long as it is sufficiently high. This sets an upper bound on the maximum spanwise extent of a stable LEV.
The induced downwash appears to be an important effect when the angle of attack is greater than 0 and less than 90
• . With simplifying assumptions on the spanwise distribution of the induced downwash angle, it is possible to parametrize the downwash strength using a single parameter κ. Increasing κ acts to decrease for small α, but the effect is opposite for large α. During the first revolution of the wing, it can be recommended to evaluate κ using a simple vortex-ring model (17) .
To measure the LEV circulation and track its trajectory using a velocity field obtained in a PIV experiment or a CFD simulation is not a trivial task. Equations (13) and (14) can be used as quick estimates prior to precise measurement. An example MATLAB program is included in part 3 of the Supplemental Material [18] . As a rule of thumb, a less accurate but simpler formula / c 2 = 2(r/c) 4/3 holds for α ≈ 45
• and large Re. It is customary to refer to the LEV force as the aerodynamic force increment associated with a stable LEV. A precise constructive definition can be deduced from a force decomposition theory that would relate the aerodynamic force and the vorticity field (e.g., Ref. [22] ). Thus, calculation of the LEV force may become straightforward when the flow field is fully determined. A reduced-order model, however, provides only some incomplete information about the flow field. In particular, the present paper concerns only the vorticity component in the spanwise direction. However, it is probable that the two-dimensional results such as the Kutta-Joukowski theorem cannot be directly used in this three-dimensional setting, and that the vorticity component in the chordwise direction must be taken into consideration. The question of the LEV force modeling remains open for future research.
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